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Abstract. We establish local well-posedness results in weak periodic function 
spaces for the Cauchy problem of the Benney system. The Sobolev space 
H 1 ' 2 X L 2 is the lowest regularity attained and also we cover the energy space 
H 1 X L 2 , where global well-posedness follows from the conservation laws of the 
system. Moreover, we show the existence of smooth explicit family of periodic 
travelling waves of dnoidal type and we prove, under certain conditions, that 
this family is orbitally stable in the energy space. 



1. Introduction 

In this paper we consider the system introduced by Benney in |10j which models 
the interaction between short and long waves, for example in the theory of resonant 
water wave interaction in nonlinear medium: 

{iu t + u xx = uv + P\u\ 2 u, (x, t) e M x AT 

vt = (M% 
u(x,0) =u (x), v(x, 0) = Vo(x), 

where u = u(x, t) is a complex valued function representing the enveloped of short 
waves, and v = v(x, t) is a real valued function representing the long wave. Here (3 
is a real parameter, AT is the time interval [0, T] and M. is the real line R or the 
one dimensional torus T = R/Z. 

We let H S (M) by denoting the classical Sobolev space with the norm 

/ poo \ 1/2 

11/11" = (/ (l + KI) a "l/(0l 2 <fc) ifM=R, 

and 

ll/IU = ( + \n\) 2s \f(n)\ 2 dx\ if M = T, 
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where /(£) and f(n) denote the Fourier transform and Fourier coefficient of /, 
respectively. We consider the initial data (uo,Vo) in the space H r (M) x H S (A4) 
with the induced norm 

H(/,ff)l|rX.:=||/||r + |M|.. 

The following quantities 

(1.2) [«(.,*)] = Jw(x,t)\ 2 dx, 

(1.3) E 2 [u(.,t),v(.,t)} = 
and 



v(x,t)\u(x,t)\ 2 + \u x (x,t)\ 2 + §|u(a:,t)|< 



dx 



(1.4) E 3 [u(.,t), »(.,*)]= / \v(x,t)\ 2 +2lm(u(x,t)u x (x,t)) 



dx 



with the interval / = (-co, +oo) if A4 = R and J = [0, 1] if Ai = T are invariants 
by the flux of the system (jl.ip ; i.e, the natural energy space for the system is 
H l (M) x L 2 {M). 

1.1. Some results in the continuous case. When M. = R the local well- 
posedness for JTIJ for data (u ,u ) G # (s+1/2) (R) X # S (R) with indices s > 
was established in the works [5], [TB] and [24] . Furthermore, in [53] also was proved 
global well-posedness in ff( s+1 / 2 )(R) x H S (R) for s = if /3 = and for s G Z+ 
and any real /3 by using the conservation laws (|1.2[) . ()1.3|) and ()1.4j) . 

Recently, in [15 Corcho showed that for /3 < (focusing case) and for data 
(u , i; ) € # r (R) x iP(R), with < 3r + 1 < 1 and r(2s + 3) + 1 > 0, this problem 
is ill-posed in the following sense: the data-solution mapping fails to be uniformly 
continuous on bounded sets of i/' r (R) x H S (R). 

Concerning to the existence and stability of solitary waves solutions for (|1.1|) of 
the general form 



(1.5) 



u(x,t) = e ibjt e ic ( x - ct V 2 <t> a (x - ct), 
v(x,t) = ip s (x - ct), 



where S , ip s : R — > R are smooth, c > 0, u € R, and (j> s {Q, — > as |£| — > oo, 
Laurencot in [21] studied for /3 = 0, the nonlinear stability of the orbit 

fy*,*) = {(e w $(-+ a*), *(• + *(>)); (0,z o ) G [0, 2tt) x R} , 

in H 1 (R) x L 2 (R) by the flow generated by (fTTT]l . Here we have that $(£) = 
c i °e/V.(0»*(0 = V'-(0,a°d 

1 



(1.6) 



,(0 = V2c^sech(v^e), iMO = 



c 



> 0. 



1.2. Main results in the periodic case. In the present work we focus the atten- 
tion on the case M. = T and we study the following problems: 

• well-posedness in Sobolev spaces with low regularity, 

• existence and nonlinear stability of periodic travelling waves 
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for the periodic initial values (uq, vq) belonging into the space H r (T) x H S (T), also 
denoted by H per x H per . 

As follows we define the concepts of well-posedness and the stability that will be 
use in this work. 

Definition 1.1 (Well-posedness and Ill-posedness). We say that the system U.l\) 
is locally well-posed, in time, in the space H r per x H per if the following conditions 
hold: 

(a) for every (uo,vq) in the space H per x H per there exists a positive time T = 
T (||uo||d || u o||s) a- n d o, distributional solution (u, v) : T x AT — > Cxi 
which is in the space C (AT; H per x Hp er ) ; 

(b) the data-solution mapping (uq,vq) i — > (u, v) is uniformly continuous from 

Hper X Hper *° @ \^T; H per X -ffp er ) ,' 

(c) there is an additional Banach space X such that (u, v) is the unique solution 
to the Cauchy problem in X DC (AT; H r per x H° er ) . 

Moreover, we say that the problem is ill-posed if, at least, one of the above conditions 
fails. 

Before stating our well and ill posedness results we will give some useful nota- 
tions. Let T) be a function in Cq°(R) such that < r)(t) < 1, 



if |*| < 1, 
if 1*1 > 2, 



and T]s(t) = T]{%). We denote by A± a number slightly larger, respectively smaller, 
than A and by (•), (£) = 1 + |£|. The characteristic function on the set A is denoted 
by xa- Furthermore, we will work with the auxiliary periodic Bourgain space X^ r 
defined as follows: first we denote by X the space of functions / : T x R — > C such 
that 

( i ) f(x, •) e <S(R) for each ieT; 

(ii) /(•,*) € C*°°(T) for each t € R. 

For s, b € R, the spaces H\H per and X^ r are the completion of X with respect to 
the norms 

(1-7) ll/lk* ; . r = (E / {l + \n\) 2s (l + \r\f b \f{n,T)\ 2 dr 



and 



(1.8) 



x 



= \\S(-t)f\\ mH 



' +oo > 

[ (l + \n\r(l + \r + n 2 \r b \f(n,r)\ 2 dT 



respectively, where S(t) := e ztd * is the corresponding Schrodinger generator (uni- 
tary group) associated to the linear problem, 



(1.9) 



iu t + u xx = 
u(x,0) = g { x). 
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For any r,s£l and 61 , 62 > 1/2, we have the embedding X p ^ <—> C (R; H per ) and 
H^ 2 H per <—> C (M;Hp er j. For the case 6 = 1/2 the embedding can be guaranteed 
by considering the following slightly modifications of the Bourgain spaces: 

(1-10) \\f\\xr Br := \\f\\ x; ,v* + ||(n) r /(n,r)||^ L i 

and 

(1-H) := Wf\\ H ^H lcr + \\(n) s f(n,r)\\ elLl 

Concerning local well-posedness we obtain the following result: 

Theorem 1.2 (Local Well-Posedness). For any (u ,v ) g Hp er x H per with r,s 
verifying the condition 

(1.12) max{0, r - 1} < s < min{r, 2r - 1}, 

there exist a positive time T = T (||wo|| r , ||i>o||s) o,nd a unique solution (u(t),v(t)) 
of the initial value problem satisfying 

(a) (n T {t)u,n T (t)v) € X r per x Y p s er ; 

(b) (u,v)eC(AT; H r per xH; er ). 

Moreover, the map (uq,vq) i — > (u(t),v(t)) is locally uniformly continuous from 
H; er x H; er tnto C (AT; H r per x H^) . 

The proof of Theorem ll.2l is based on the Banach fixed point theorem applied on 
the integral formulation of the system combined with new sharp periodic bilinear 
estimates, in adequate mixed Bourgain spaces X p ^ x H^ 2 H per , for the coupling 
terms uv and d x {\u\ 2 ). 

Also we find a region which the Cauchy problem is not locally well-posed, more 
precisely we prove the following theorem: 

Theorem 1.3. Let (3 7^ 0. Then for any r < and s G R, the initial value problem 
$1.1]) is locally ill-posed for data in H per x H per . 




FIGURE 1. Well-posedness results for periodic Benney system. The 
region W, limited by the lines Li : s = 2r — 1, L2 : s = r and L3 : s = 
r — 1, contain the indices (r, s) where the local well-posedness is achieved 
in Theorem O 
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Regarding the stability of periodic travelling waves, namely, solutions for ([1.1)1 
of the form 



(1.13) 



'u(t,x) = e- iw *e ic ( x - c *)/ 2 (/? W!C (x - ct) 
v(x,t) — n u , c {x — ct) 



where <fiu,c, nu,c are real smooth, L-periodic functions, c > 0, and uj < 0, we have 
the following definition. 

Definition 1.4 (Non-Linear Stability). The periodic traveling wave $(£) = e 4C £/ 2 <y9 uc 
^(0 — n u,c(0' * s orbitally stable in Hp er ([0, L}) x L 2 er ([0, L]) if for all e > 0, there 
exists S > 0, such that if \\(uq,vo) — ($, ^)||.ffi er x£ 2 er < 8 an d (u(£), "w(i)) is the 
solution of M.l\) with (u(0),w(0)) = (uq,vq), then 

inf inf \\(u(t),v(t))-(e™^-+r)^(-+r))\\ Hl L2 < e, t G M. 

sG[0,2ir) rGR pcr p " 

Otherwise ($, \1/) is called orbitally unstable. 

We will show below that there exist a smooth explicit family of profiles solutions 
of minimal period L, 

(«,c) eAp-* (^, c ,n W)C ) G #; er ([0,£]) x ff* er ([0,L]), 

where Ap — {{x,y) : y > 0, 1 > /%, and x < — \} and which depends of 
the Jacobian elliptic function dn called dnoidal, more precisely, 



(1.14) 




1-0C 



with ?7i = ?7i(o;,c) and k = k(uj,c), being smooth functions of w and c. 

So, by following Angulo [J and Grillakis et al. [17], [IS], we obtain the following 
stability theorem. 

Theorem 1.5 (Stability Theory). Let (w,c) G .4/3 suc/i that for c > t/iere is 
g G N satisfying Anq/c = L. Define a = -u) — ^. Then $(£) = e ic ^/ 2 ip u>c {^) , 
— ^oj,c(^); ™^ L P^.c, n ij.c given in \1.1J$ , is orbitally stable in Hp er ([0, L}) x 
L 2 er ([0, L\) by the periodic flow generated by Sl.lp : 

(a) for j3 < 0, 

(b) for (3>0 and 8(3a - 3c(l - /3c) 2 < 0. 

2. Local theory 

We prove Theorem ll.2l using the standard technique, that is: we use the Duhamel 
integral formulation for the system (jl.l[) combined with the Banach fixed point 
theorem in adequate Bourgain spaces Xp er x Yp er with the objective to get the 
desired solution. The main difficulty is the necessity to prove two news mixed 
periodic bilinear estimates, which we will prove in the following sections. 

2.1. Sharp Periodic Bilinear Estimates. We begin recalling the following ele- 
mentary inequalities, which will be used in the proof of the next main estimates. 

Lemma 2.1. Let 61,62 > with 6\ + 62 > 1 and A > 1/2. Then, there are a 
positive constants G\ and C2 such that 
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+00 

(a) / < where fi := min{fli, 6 2 , 6 X + g a - 1}/ 

( b ) E (na+a U)> ^ C 2, with a,beM. 

Proof. For details of the proof we refer, for instance, the works [T9] and [7|. □ 

Lemma 2.2. Let < 6 < 1/4. Then, the following estimates 

(2.15) „r,-l/2 < j-r.l/a-flllwll „1/2 HS + ||u|| „r-, 1/3 1 1 1> 1 1 „l/2-8 

A per A per n j ^ per A per -"^ n pe r 



(2.16) 



m>(n,-r) 



< ||u|| x r,i/2-9||«||„i/2 + ||«|| .,1/2||U|| 

^ 2 ^ 1 A pe^ n l -"per A per n t 



ZioZd 'provided r > and max{0, r — 1} < s. 

Proof. First we prove (|2 . 1 5[) . We define f(n,r) := (r + n 2 ) bl (n) r w(n, r) and 
g(n,T) := (r) ba (n) s u(n, r). Then, using duality arguments we obtain 

W uv \\x' p -- 1/2 = sup{W(ip) : y\\ii L 2 < 1}, 

where, 

(2.17) WW)= Y [ {T + n T 1/2{ tV> ni,Tl \ 9 b {T ! ~w ~ T ^ ( "' T) drdn. 

' (7i+n?)*i<T-n *»<m ••(n-m • 

We will divide the space Z 2 x M 2 in three regions, namely Z 2 xl 2 = A U A\ U A 2 
and we separate the integral W as follows: 

(2.18) W((p) = Wa(cp) + W 1 (tp) + W 2 (tp), 
where 

(r + n 2 )~ 1 / 2 {n) r f(n\, Ti)g(n — ni, r — n)<^(n, r) 



(ri +n 2 ) f, i(r-ri) b 2(n 1 )'-(n- ni) s 

(n,Tll,T,Tl)£j43 

for j = 0, 1, 2. It is easy to see that to obtain (|2.15p is suffices to prove that whenever 
r, s > and ) — s < 1 the estimate 

(2.19) Wj(<p) < \\f\\£*Lz\\9\\t*L*\\tp\\t*L* =\M x H,-r\\v\\ H b 2He |M|/*i2, 

"-per" J -*t per 

holds with 6i = 1/2 — 6* and 6 2 = 1/2 or with 6i = 1/2 and b 2 = l/2-9. Indeed, 
next we will prove the following estimates: 

~ \\ u \\x 1/2 W v \\h 1/2 -<>hs WfWeiLl, for j = 0,1, 

(2.20) 

W 2 {<P) < |M| l/2-£),,||v|j 1/2 \\lfi ^2 L 2. 

A per n i -"per 71 x 

For this purpose, in region Ao we integrate first over (m,Ti), in region Ai we 
integrate first over (n,r) and in region A 2 we integrate first over (n 2 ,r 2 ) — (n — 
n\,T — T\)\ then using Cauchy-Schwarz inequality we easily see that it remains only 
to bound uniformly the following three expressions: 
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(2 ' 21 > ^=™?<^>£/ 



n) 2r v-^ f dn 



(r + n 2 ) (r 1 +7i 2 )(r 2 )i- 2 «(n 1 ) 2 '-(n 2 ) 2s 



^ (m) 2 ''^ +n 2 > ^7 (r + n 2 )(r 2 )i- 2 »(n 2 ) 2s 



(2.23) W 2 := sup . .} . . V / 

« 2 ,r 2 (n 2 ) 2s (r 2 ) 4-7 



n) 2r dr 











|r H 


- n 2 | 




h n 2 



X (n 2 ) 2s (t 2 )^J (r + n 2 ) (n + n 2 ) ^ (m) 

n A 2 

Now we define the regions Ao, A\ and A 2 . We use the notation 

(2.24) C := m 
and first we introduce the subsets: 

:= {(n,m,T,Ti) £ Z 2 x I 2 : |n| < 100} , 

(2.25) ^0,2 := {(n,ni,r,n) £ Z 2 x I 2 : \n\ > 100 and |n] < 2|m|} , 

A , 3 := |(n,m,T,n) £ Z 2 x I 2 : |n] > 100, [m] < |nj/2 and £ = r + n 2 |. 

Then, wc put 

A ~ A ,l U A ,2 U ^0,3, 

(2.26) 741 := {( n > n i> r > r i) G 1? x R 2 : |n| > 100, |m| < \n\/2 and C = |n + n 2 | V 
A 2 := |(n,m,r,ri) £ Z 2 x I 2 : |n| > 100, |m| < \n\/2 and £ = |r 2 |}. 

For later use, we recall that the dispersive relation of this bilinear estimate is: 

(2.27) t + n 2 - (ti +nj) - t 2 = n 2 - n\, 

where t — t\ = r 2 and n — n± = n 2 . 

We begin with the analysis of (|2.21j) . In the region Aq i, using that \n\ < 1 and 
7', s > we have 



(2-28) < sup ^^V 

~ .5 t4- ti2\ 



<iri 



<ri+n 2 )(r 2 ) 1 - 2 «(n 1 ) 2 -(n 2 ) 2s 



Ao,i 



d/T\ 



x ■ ni 



(ri+n 2 )(r 2 )i- 20 ( ?11 ) 2 ''(n 2 ) 2 - 



■III 



where in the last inequality we have used that < 9 < 1/4 combined with 
Lemma 12.11 



s 
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In the region j4o,2, we have that (n) 2r < (ni) 2r . Thus, similarly to the previous 
case, we get 



{T 1 +n\){T 2 Y-^{n 1 )^{n 2 )^ 



~ (ny r f dr x 

Ao, 

(2 - 29) < S up-^-V / 

n r (T + n 2 ) ^ J 



(ri+n2)(r 2 )i-2> 2 ) 2s 

" x —OO 

- S ^E ( T + Tt 2M-28 SI- 



"1 



In the region ^0,3 we have that |m| < |n|/2 and |n| > 100, which imply that 
\n — ni| ~ |n + n.i| ~ \n\. Moreover, the dispersive relation f|2 .27[) says that 

C = \t + n 2 \ > \n 2 - n\\ = \n - m\\n + m| ~ \n\ 2 . 

Therefore, 

(n) 2r ^ f dn 



n,r (r + rr) ^ J 



"1 A 



(n+n;)(T 2 )i- 2 »(ni) s '(ns) 2 « 



<2 ' 30 > Ssup^S 



r11 -00 

<supM!2!!y 1 <! 

/„\2 /- , r,2\l-20 - ^ 



"1 



r + n 



since r > 0, r — s < 1 and < 8 < 1/4. 

Putting together the estimates (|2.28l) . (|2.29[) and (|2.30l) we conclude that 

\W \ < \W ,l\ + \W M + \W , 3 \ < 1, 

obtaining the desired bounded for (|2.21|) , 

Next we estimate the contribution of (|2.22l) . In the region A\, we know that 
\ni\ < \n\/2, \n\ > 100 and C = \t\ + n\\. So, \n 2 \ ~ |n| and the dispersive 
relation $F27\i implies that |n + n\ \ >n 2 . Thus, 

~ _ 1 v r {nf^_ 



< 



sup 



i4i 



-OO 



^ SU pE 7Z , ^2X1-29 S 1 



Ti + W 



since r>0, r — a < 1 and < < 1/4. 

Finally, we bound (12.23)) by noting that, in the region A 2 it holds |n| > 100, 
\ni\ < \n\/2 and C = |t 2 |. Then, |n 2 | ~ |n| and the dispersive relation (|2.27p yield 
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that |t2 I > n 2 . Using these conditions and that r > 0, r — s< lwe obtain 



W * = SU P 7 \2s/ \ E I 

n 2 ,r 2 (n 2 ) 2s (r 2 ) *-f J 



< 



sup / - 



(r + n 2 )(n +n?) 1 - 2e (ni) 2r 



-OO 



(r + n 2 )(n +7! 2 ) 1 - 26 
1 



- r ! 2 U P?(2« 2 (n + ^-^)) 1 - 2e 



sup \ 



(2n 2 (n + ^-^)) 



neH 2 



(2n 2 (n+^-f))i- 2 « 



where 



iii := < n £ Z : n 



n 2 



< 2 ^ and H 2 := < n G Z 



2n 2 2 

Now we note that < 4 and for any n £ if 2 we have 

(2n 2 (n + ^-f)>><n><n+^-f), 
since |n 2 | ~ |n|. Then, by Holder's inequality 

1 \ - 1 



2n 2 2 



> 2 



E 



E 



( 2 - 2 ("+ 2^ - f)) 1 - 29 ' „^ 2 (2n 2 (n+ ^ - f )) 1 - 2e 
<4+ V - 

- T („\l-20(„ , J2_ _ ry.Ni- 



n£H 2 



2n 2 



-20 



1/2 



20) 



E 



i 



1/2 



r 2 _ ri2 
2n 2 2 



\2(l-20) 



<1, 



since and < < 1/4. This completes the proof of (|2.15[) . 

Next, we prove ([27TH|) . We let a € (1/2, 3/4- 0). By using Cauchy-Schwarz 
inequality, we have that 



(2.31) 



. uv(n, t) 



+ 00 



< 



E( 



\2r 



\uv(n, t)\' 
(T + n 2 ) 2 ^-^"" J (t + ti 2 ) 2 



2a }' 



Now, we separate Z 2 x M 2 in the same regions used to estimate (|2.15j) and we note 
that, except in the region ^4o,3, the right-hand of (|2.1[) can be estimated in the 
same way that (|2.15p . To see this, we observe that the integral J 



oo (r+n 2 ) 2a 



convergent and we replace the term (r + n 2 ) by (r + n 2 ) 2 ( 1_a ^ in (|2.21l) . (|2.22[) 
and (|2 . 23[) , then we follows the same steps to bound the corresponding expressions 
in each region, using that the condition 2(1 — a) + (1 — 26) — 1 > 1/2 holds for 
a e (1/2, 3/4-6*). 

Now we proceed with the estimate of the right-hand of ()2.1j) in Ao,3. Here, by 
using the fact that \t + n 2 \ > \n\ 2 we have that 

dr 



(2.32) 



,2\2a 
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Then, using (|2.32[) . we have 



(2.33) 
where 



(2.34) W , 3 - sup 



uv(n,T) 

{n) V^) XAo ^ 

- n var n 2(l-aa) 



<^ ,3||u|!^, 1/2 || V || 2 wl/2 _ e 



a) X/ 



,..t (t + n2)2(i-a) ^ J (T 1 +n 2 1 )(T 2 y- 2( >(n 1 )^(n 2 y 



Similarly to the estimate make in (|2.30[) we obtain 



W ,3 ^ SUP ■ 



\2r-2s+2-4a 



-a) X! 



(2.35) 



X (r + n 2 ) 2 ^) ^ J (n+n?)(r 2 ) 



(iri 



\ 1 — 20 



\2r-2s+2-4a 



< 



a) /t- Z ^2X1-20 



<1, 



□ 



since < 8 < 1 /4 and r — s < 1 . Finally, combining f|2 .32[) and (|2.35[) we get 

uv(n,r) 

l > / T + „2\ XA ,3 £ IMI^yHMIffV*-^ ' 

as we desired. Then, we finished the proof of Lemma l2~2l 

The next result shows that the conditions obtained above for indices r and s are 
necessary. 

Proposition 2.3. For any real numbers b\ and b 2 , the veracity of the inequality 

\\uv\\ Xr ,-l/2 < \\u\\ X r,bx\\v\\ H b2 H s 

implies that max{0, r — 1} < s. 

Proof. Firstly, we fix N 3> 1 a large integer and define dc sequences 



ai(n) 



1 if n = N, 



and /?i (n) 



1 if n = -2N, 
otherwise. 



otherwise 

Let ui N (x,t) and vi N (x,t) be given by wi N (n,r) = ai(n)x[-i,i] (t + n 2 ) and 
wi N (n, t) — /3i(n)xr_i ) i](r). Taking into account the dispersive relation 

i 2 / i 2\ 2 2 

r + n - (Ti + n 1 ) - r 2 = n — n 1 , 
we can easily compute that 

ll u i« u iivllx-.- 1 /2 ~ N r , \\ui N \\ x <~,H ~ N r and ||^2 H , ~ N s 

Hence, from the bound \\ui N vi N \\ Xr ,-i/2 < ll u i N II x r . b i ll u ijv ll# 6 2 Hs we must have 
N r < N r+s f or j\r » 1, which implies that s > 0. 
Secondly, we define the sequences 



a 2 (n) 



1 if n = N, 
otherwise 



and /3 2 (n) = 



1 if n = 0, 
otherwise. 



Let u 2n (u,t) = a 2 (n)x[-iA](T + n 2 ) and « 2jv (n, r) = /3 2 (")X[-i,i] ( r )- Again, it is 
easy to see that 

\\u 2N V 2N \\ X r.-l/2 ~ iV^ 1 , ||W2„||X-.H ~ 1 aild 11^11^2^ ~ N S 
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Hence, the bound \\u2 N V2 N \\ Xr ,-i/2 < \\u 2n \\x r *i \\ v ^n Wh^h- im P nes ^V r_1 ^ N s 
for N ^> 1, so we must have r — 1 < s. 

□ 

Lemma 2.4. Let < 9 < 1/4. Then, the following estimates 

(2.36) ||#r(«w)|| -1/2 < ||u|| r ,l/2-B\\w\\ yr ,l/2 + \\u\\„r,l/2\\w\\„r,l/2-t> 

£2 n p er - * per " per per " per 



(2.37) 



, s a a: («w)(n,r) 
(n) - 



< r-.l/2-fl r,l/2 + 1 1 M 1 1 r, 1 / 2 1 1 W 1 1 r, 1 / 2 - 

A per -^-per A per ''per 



feo/d provided < s < min{2r — 1, r}. 

Proof. The proof is similar to Lemma (|2.2[) . Here, the relevant dispersive relation 
is given by 



(2.38) (n + n\) + (r 2 -n\) -t = n\-n 



2- 



where t 2 = t — Tj and n 2 = n — ri\ . 

To prove (|2.36p . by duality arguments, it suffices to bound uniformly the follo- 
wing expressions: 



Zt, (ni)^(n +n\) (T)(r 2 -njy-^(n 2 yr 

Co 



n\ 2 (n) 2s 

UT, 



oak 7 ^M!vf *n 

(Z.4UJ Z>i-SUp M 2^/ J.„2\/^ _ „2\l-2e/„,\2r/„„\2r' 



(r) (T 1+ n 2 )(T 2 -n 2 2 )i-*>(m) 2 r(n 2 )< 

(2 - 41) * = <n 2 >4—I> E / (r)^!"^"--^)-^ 

where Co, Ci and C2 are defined as follows. We denote by 

C := max{|r|, |n + nf |, |r 2 - 
and then we define de following sets: 

C ,i := {{n,T, ni ,n) : \n\ < 100}, 

C0.2 := {(n,T,n llTl ) : |n| > 100, ^ < |m| < 2|n 2 |} , 

C ,3 := {(n,T,ni,n) : |n| > 100, |m| < ^ or |n 2 | < ^ and C = \n + nf\} 

Now we put 

Co := Co,i U Co,2 U Co,3, 

Ci := {(n,r,ni,ri) : |n| > 100, |m| < ^ or |n 2 | < J^i and £ = \t\\ , 

C 2 := {(n,T,m,Ti) : |n| > 100, |m| < ^ or \n 2 \ < J^i and £ = |r 2 - n|| } . 
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Now, we bound (|2.39|) . In the region Co,i, it holds \n\ < 100. Hence, 



_ 1 \- f H» 2s , 

■ '~ ™£ (ni) 2r (n +n{)^ J (r)(n ~ n%)^{n 2 )^ aT 

Co,i 



|n|<100 _" 



+00 

dT 



sup 



(r)(T2-nl) 



2\1-2S 



y I <i 



since r > and 1 - 26 > 0. 

In the region Cq^, we have that \ni \ ~ | rz. 2 1 - Hence, 



^0,2 := sup 



m,Ti ("i) 2r (n + nf) 



E 



|n| 2 (n) 2s 



Co, 2 



< 



,2s-4r+2 



-f CO 



sup 

"i.T-i {Ti + ni) 



E 



(r)(r 2 -n 2 )i-2e(n 2 ) 2 - 



< 



sup y, 



1 



(n + (n - m) 2 ) 



(r)(r 2 -n 2 )i-2« 
< 1, 



2\l-20 



for < s < 2r - 1 and < 9 < 1/4. 

In the region Co, 3, the dispersion relation (|2.38[) and the assumptions \ni \ ^ \n 2 \, 
\n\ > 100 and C = |n + n 2 | imply that |ti + n 2 | > (max{|rai|, |n 2 |}) 2 . Then, 



_ 1 \- f H» 2s 

°' 3 ' ni ?i ("i) 2 ''(r 1 +nj)^ J (r)(r 2 - n 2 )i-^(n 2 ) 2 ^ T 



+°° / rl . . nV 2s-2r 

- MIP> ; ( T )( T2 -n 2 )i-^ dT 



-f-OC 

su pE / 

"l.Tl „ J 



-niTi^^i + Cn-nx) 2 ) 1 "^ 



forO < s < r andO < (9 < 1/4. Then, the inequality \Z Q \ < |Z ,i| + |Zo, 2 | + |^o,3| < 1 
yields the desired estimate for Zq. 
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The contribution of (|2.40|) can be estimated as follows. In the region C\, we have 
that \n\ ~ max{|ni|, |tt.2 | } and |t| > (max{|m|, |ri2|}) 2 - Thus, 

d,Ti 



_ VII V — r 

^i<sup^— £ 



(n+nf>(r 2 -nl) 1 - 2 ^n 1 > 2 '-(n 2 > 



2r 



•sr^ f (max{|m|, |n 2 |}) 2S 2r 



< sup V — — < 1, 



n,r 



for < s < r and < 9 < 1/4, using the same arguments to estimate W 2 in Lemma 
2~2l 

On the other hand, the expression (|2.41[) can be controlled by using that in the 
region C 2 hold \n\ ~ max{|rii|, |n 2 |} and |r 2 — ri| | > (max{|ni|, |n 2 |}) 2 . Then, 

1 x ^ r \n\ 2 (n) 2s 

~ 4T 2 (n 2 ) 2 ''(r 2 -n 2 ) 7 ( T )< n + n 2)l-JW<„ 1 )2r dr 

+ ?° / n i i n \2a-2r 



< su \ / (max{|ni|,|n 2 |})' ^ 



su pE / 

"2,1-2 „ J 



2\l-20 



" "*Jr / I I \ I 9 \ 

n 2 ,r 2 ^ J {r){n+n() 

" -oo 

~ ™£ ? ((n + n 2 ) 2 -r 2 )i- 2 « ~ 1 ' 

for s < r and < < 1/4. Collecting all the estimates above we obtain the claimed 
estimate f)2.36[) . 

The prove of (|2.37p follows from a similar way to the proof of (|2.16|) . □ 

Now we exhibit examples showing the necessity of the conditions for r and s 
used in Lemma l2~4l 



Proposition 2.5. For any real numbers b\ and & 2 the veracity of the inequality 

\\dx(uW)\\ H -yv Hs ^ < \\u\\ X rM\\w\\ X r; b2 

implies that s < min{2r — 1, r}. 

Proof. For a fixed large integer N 3> 1, we define de following sequences: 

fl if n = N, jl i£n = -N, 

ai(n) — < and Pi(n) = < 

I otherwise I otherwise. 

Putting ui N (n, r) = ai(n)x[-i,i] (r + n 2 ) and r) = /3i(")Xhi,i]( T + n 2 ), a 

simple calculation using the dispersive relation (|2.38[) gives that 

||(uitDi) a! || H -i/3 H . ~ iV^ 1 and HuilU^i ~ jV r ~ \\wx\\ X r,b 2 . 
Hence, the inequality || {u\W\) x \\ H -i/2 Hs < ||wi||x r > I, i|l lt 'i||x r > 6 a implies 

N s+1 < iy2 r f()r ^ > j <s= ^ s < 2r _ 1. 
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Finally, we define 

Jl if n = 0, fl ifn = JV, 

ct 2 (n) = s and p 2 (n) = s 

I otherwise I otherwise. 

and we put u 2jv {n, r) = a 2 (n)x[-i,i]( r + " 2 ) and w 2N (ri,r) = /3 2 (n)x[-i,i] (r + n 2 ). 
Then, by similar calculations as in the previous case we obtain 

|| (U 2 W2) X \\ rr-Varr, ~ ^ I 1 1 U 2 1 1 ~ 1 and ~ 1 1 ^2 1 1 b 2 ~ ^ • 

Again, the inequality ||(W^2)x|| rr-1/2^ < II ^2 1| jsc-^i ll^llx^^ implies 

N s < N r , for N > 1 <^ s < r. 

Thus, we finished the proof. □ 

2.2. Proof of Local Theorem. The next lemmas will be useful in the proof of 
Theorem O 

Lemma 2.6. For any s e M, S e (0, 1], < fj, < 1/2 and -1/2 < &! < b 2 < 1/2 we 
have 

(a) IIimW^IIx..!/" < C^||F|| ..!/„ «W llwOJFII l/a < C*5-^||^|| 1/2 ; 

A per A per -"per n t n per 

(b) |lw(-)F|l x3 , bl ^C^-^IIFH^ and \\r, s (-)F\\ HblHB < C8 b2 ~ bl \\F\\ b 2 . 
Proof. The proof of this result can be found, for instance, in [53] and [7J. □ 
Lemma 2.7 (Trilinear Estimate). For an?/ s > 0, we have 

\\v>vw\\ X r £ ||m|| x s,3/ 8 ||w|| xS ,3/ 8 ||w|| x »,3/ 8 

''per '''-per ^*-per 

Proof. See (T3J and [7j. □ 

Now we give the sketch of the proof of local theorem. First, we let (uq,vo) E 
Hp er x Hp er where r and s satisfying 

max{0, r — 1} < s < min{r, 2r — 1} 

and we consider the operator $ = <1> 2 ), with 

«) = »/(t)uo - *T/(t) / e l(t -*' )a ' ((tjjutjat;)^) + Vsu\r] S u\ 2 (*')) < 
(2.42) ^° 

$ 2 (u,w) = r ? (t)uo+r ? (t) / a x (|ry 5 w| 2 )(i')^', 



defined on the ball 

B[o,6] = {(«,«) € X; er x F/ er : ||«||x;„ < a and |M|y« ar < o} . 
Then, by Lemmas [2J2l EH ES and O we have 

ll $ i(w,w)||x; er < Co 1 1 no 11^,. + c(\\risu\\ x r,ij2-o\\Tisv\\ H i/2 H + 
( 2 - 43 ) +||i7iit|| ,.,i/2||?7 5 u|| i/2- e „, + \\r]su\\ 3 YT , 3/a ) 

A Per n [ "per ^per / 

< CoINIb:. +c<5 e ( ao + o 3 ) 
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and 

^ ^ \\^2(u t v)\\ Yp - eT < C \\v \\ H , er + C (ll%w|| x ;.y3-e||%w|| x r,i/2) 

<C Q \\v Q \\ H -„ +C6<a 2 , 

with e enough small. 

Now we put a — 2Cx)||wo||.H> er and b = 2Co||wo||jj» er and then we let S such 

that S e < min ^ 2C{db+a?) ' 2Ca j } ' Thus, we have that $(,8[a, 6]) C B[a, &]. The 
contraction condition 

||$(«, «) - $(u, «)||^ r s < C(o, 6)<S 9 || (« - «, w - «)||^ r s , 

where ||(/, <?)||per := ||/||x r er + llffll Y p s cr an d C(a,b) is a positive constant depending 
only on a and 6, follows similarly. This shows that the map $ is a contraction on 
B[a,b]. There we obtain a unique fixed point which solves the system for T < 5 
and we finish the proof. 

Remark 2.8. We note that global well-posedness in H^ er x L 2 er follows directly of 
the local theorem for (r, s) — (1,0) combined with the conservation laws Hl.ty) . hl.3\) 
and (HT^P. 



3. Ill-posedness 

In this section we will show that the solution of (jl.ip cannot depend uniformly 
continuously on its initial data for r < and s£M. We will use the same argument 
given in |14j . 

3.1. Proof of theorem II .31 It is easy to check that 

UN,a(t, x) = aenp(iNx) exp(— it(N 2 + (7 + P)a 2 )) 

(3.45) 

V N>a (t,x) = TO 2 , 

where a € M. and N is any positive integer, solves (11.11) with initial data uq(x) = 
aexp(iNx) and Vq(x) = 7a 2 . Moreover, for a = a(l + N 2 )^ , where a is a real 
constant, and I7I = (1 + N 2 ) r we have 

||wo(a;)|| 2 ? r < ca 2 , and ||voO c )Hlr* < ca 4 

where c is a constant. Let a% — a±(l + N 2 )i and a 2 = 02(1 + N 2 )? . For the 
Sobolev norm of the difference of two initial data, we have 

\\uN, ai (0) - UN,a 2 (0)\\ 2 Hr = c\ai - a 2 \ 2 -> 0,as a>i -> a 2 

and 

IK(0) - v a2 (0)\\h = l7| 2 |«i - ^I 2 (l + N 2 )- 2r = \a 2 - a 2 \ 2 , as oc x a 2 . 
On the other hand we have 

+00 

\\u N , ai (t,x)- u N:a2 (t, x)\\ 2 H r = ^2 (1 + \n\ 2 ) r \u N:0ll (n) - u N , a2 (n)\ 2 

71= — OO 

= (1 + 7V2)r| aie -it(JV 2 + ( 7 +/3)a?) _ a2 g-it(Af 2 + (7+/3)a")|2 

= |ai - a2e 4 * (7+/3)(a ?- Q 2)(i+JV 2 r r |2 



1(5 



J. ANGULO, A. CORCHO, AND S. HAKKAEV 



Let r < 0, and ai and a.i are such that (3(a 2 — + N 2 ) r = 8(1 + N 2 )" , where 
v > 0, and u + r < 0. Then for t = f + N 2 )-») we have 

\\u Ntai (t,x) - v,N t a 3 (t,x)\\%r > c(a\ + a%). 
Note that t can made arbitrary small, by choosing N sufficiently large. 

4. Existence of periodic travelling wave solutions 

We are interesting in this section in finding explicit solutions for in the 

form 



(4.46) 



u(t, x) = e-^e^-^tp^^x - ct), 
v(t, x) = n u , c (x - ct), 



where (p u , c and Tl^jj c £1X6 smooth and L-periodic functions, c > 0, lj £ K and 
suppose that there is a q £ N such that = L. So, putting (|4.46l) into we 
obtain 



(4.47) 



If ^w,c = 7Vw C j then from the second equation in (|4.47p we have 7 = Substi- 
tuting n w c in the first equation in (|4.47|) . it follows that tp UtC satisfies 



(4-48) <p UtC +[u+—) ip u , c = [ - - ) V ; 



c 2 \ (, 1\ 3 



If 1 — /3c > and </v c = ^ i-ff c ) <?-Wj then WjC satisfies the equation 
(4-49) 4L,c ~ + <^,c = ° 5 

where a = —uj — So, by following Angulo's arguments in ([3], [3]) we have from 
(14.491) that 4*^,0 satisfies the first-order equation 

(4-50) KJ 2 = ip (0), 

where = — i 4 + 2at 2 + 2B^ and -B^ is an integration constant. Let —771 < 

— 772 < 772 < 771 are the zeros of the polynomial P^(t). Then 

(4.51) [W = ^(^-C)(4-^ 
The solution of ([4"3Tj) is 

(4.52) <^ c = ?7idn f ^ > 
where 

2 2 

(4.53) 77? + j)\ = 2a, k 2 = Vl ~ ??2 , < 772 < r?i. 

^1 

Define the function in variable k, < k < 1, 

7o v/(l-t 2 )(l-^ 2 ) 
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called the complete elliptic integral of the first kind. Since dn has fundamental 
period 2K(k), it follows that 4>u,c has fundamental period 

rp ^ 

m 

Analogously as in [3] we obtain the following result. 

Theorem 4.1. Let L be fixed but arbitrary positive constant and 1 — /?c > 0, and 
-co — ^j- > 0. Let (To > =fr and 772,0 — ^(co) € (0, yW) * s the unique such that 



Tfi — L. Then hold the following assertions: 

(1) There exists an interval L(a ) around of ctq, an interval -B(?72,o) around r]2,o> 
and a unique smooth function A : /((To) —> B(r)2,o), such that 

2\/2~ 

A(cr ) = 7/2,0 and K(k) = L, 

where a € I(<To),V2 = ^(f 7 )- 

(%) Solutions (Vw,c)^u,c) 0/ J^.^7| ) giferj 6?/ 

with 771 = 771 (<t), r/2 = 772(c), 771+7/2 = 2(T, /iGrae i/ie fundamental period L and 
satisfies j^.^7[ ). Moreover, the mapping 

a G /((To) (i/3 w , c , n W)C ) 

is a smooth function. 

(3) /(<To) can &e chosen as ( 2 j r 5 -,+oo). 

(^j TTie mapping a — > n(o~) is a strictly increasing function. 



(4.54) 



5. Stability of travelling waves 
In this section we consider the stability of the orbit 

= {(e ie $(- + 10), *(• + xq))\ x ) G [0, 2tt) x R}, 
in Hp er ([0, L}) x Lp er ([0, L]) by the periodic flow generated by ([l.ip . where we have 
that = e lc «/V(,, c (C), *(£) = ?W(£), with <^ >c , n w , c given in (1L541) . Let A be 
the space A = H} omplex ([0, L}) x L^ eoi ([Q,i]), with real inner product 

{ui,u 2 ) = i R I (eifji + eixVix + £2m)dx. 
Jo 

Let Ti, T2 be one-parameter groups of unitary operators on A defined by 

Ti(a)tf(-) = tf(- + «) 
T 2 (r)7/(-) = ( e -"- £ (-),r7(-)) 
for u € X, s, r £ I. Obviously 

T -'«»> " ("0* -I) • T » - ( 2) • 

Note that the equation (jl.ljl is invariant under Ti and T2. If 

*oj,c(a;) = (£w,c(a;),n WiC (a;)) 
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where e u , c {x) — e l2X (p u , tC (x), then from Theorem 14. II we obtain that 

Ti(ct)Ta(w*)$ (1 ,, c (a;) 

is a travelling wave solution of (|4.47l) with ^ W)C (a;), n WjC (a;) defined by (|4.54l) . 
Now, it is easy to verify that E 2 (u) is invariant under T\ and T 2 

(5.55) E{T x {s)T 2 {r)u) = E{u). 
We also have 

(5.56) E(u(t)) = E(u ), 

and that equation can be written as the following Hamiltonian system 

(5.57) ^ = JE'(u) 

where u = (it, u) and J is a skew-symmetric linear operator defined by 

J = 

and 



-i 

2a 



£'(u,w) = 



-u xx + uv + /3\u\ u 



2 I 

is the Frechet derivative of E. Define B x and B 2 such that T{(0) = JB 1: T^(0) = 
J-B2, then 

1 1 /' i 1 f L 
Qi(u) = —{B\u,u) = —— I v 2 dx + —I m / u x udx 

2 4 J 2 J 

1 1 /" L 

<3a(u) = ^(B 2 u,u) = - J \u\ 2 dx. 

It is easy to verify that 

(5.58) Qi(Ti(«)T 2 (r)tZ) = Q^u), Q 2 {T 1 {s)T 2 {r)u) = Q 2 (u) 

(5.59) Qi(u(t)) = Qi(5(0)), Q a (tf(t)) = Qa(tf(Q)) 
and 

<3i(w,«) = ( , Q-z{u,v) = (^j . 

From (I4.47P we have 

(5.60) S'C^.c) - cQi($ UiC ) - wQ , a (* U)C ) = 0. 
Define an operator from X to X* 

(5.61) £T WiC = £7"($ w ,c) - cQ?($ W|C ) ~ ^Q 2 '($ w , c ) 
and the function c) : R x R — > R by 

(5.62) d(w, c) = B($ WlC ) - cQi(* u ,c) ~ wQ 2 (*a,, c ). 

The operator i/ w , c is self-adjoint. The spectrum of H^^ consists of the real numbers 
A such that H^^ — XI is not invertible. From (I4.47|) we have 

(5.63) T[(0)$ UlC eKerH UtC , T^0)9 UlC e KerH UtC . 

Let Z = {fciT 1 (0)$^ c + fe 2 r2(0)$ w , c , kiM e R}. By (JUS]), Z is in the kernel 
of H u „. 
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Assumption (Spectral decomposition of H u ,c) ■ The space X is decomposed as 
a direct sum 

X = N ®Z®P 

where Z is defined above, N is a finite-dimensional subspace such that 

(Hu.cil, u) < for u 6 N 

and P is a closed subspace such that (H^^u^u) > <5||u||^-, for u E P with some 
constant 5 > independent of u. 

Our stability results is based in the following general theorem in [15] . 

Theorem 5.1. ( Abstract Stability Theorem) Assume that there exists three Junc- 
tionals E,Qi,Q2 satisfying \5. 55\) - [5.59\) . Let n^H^^) be the number of negative 
eigenvalues of H M C . Assume e?(w,c) is non- degenerated at (lu,c) and let p(d") be 
the number of positive eigenvalues of d" . If p(d") = n(i? W;C ), then the periodic 
travelling wave $ WjC (a;) is orbitally stable. 



The idea of the proof of Theorem 11.51 is to apply the general Theorem 15.11 
Initially we identify the quadratic form associated to H u ^ c . Let z — (e l ^ x z\, Z2), 
with z\—y\+ iy2, yi — Rez\,y2 = Imz\. By direct computation, we get 



c f L / 2 



where 



(Hu, c zi,zi) = (L x yi,yi) + (L 2 y 2 ,y 2 ) + - / ( z 2 + -</wyi ) dx 



4 J V c 
c 2 \ / 1 



<-[j+"j + [P--)<P 



u . c 



2 

L],C' 



From ()4.47p we also have Li(d x (p ul ^ c ) — and L 2 fui,c = 0. Consider the following 
periodic eigenvalue problems for i — 1,2, 



(5.64) 



Uf = A/ 

/(0) = f(L), /'(0) = f'(L), 



The problem ()5.64|) determines a countable infinite set of eigenvalues {A„} with 
A n — > c«o, so from the Oscillation Theorem [22] we have that they are distributed 
in the specific form Ao < Ai < A2 < A3 < A4, .... 

For the eigenvalue problems (|5.64[) we have the same results. 

Theorem 5.2. Let a E [^p-,+00) o-nd (cp^.c, n WiC ) be the travelling wave solutions 
of ^4.54$ - Then the first three eigenvalues of operator L\ are simple, is the second 
eigenvalue of L\ with eigenfunction c^^^c- The first eigenvalue of the operator L2 
is 0, which is simple. 

Proof. Since L 2 ip u] , c — and ip UtC has no zeros on [0, L], then zero is the first 
eigenvalue of L 2 . Now since L\d x <p w>c — and dcp U;C has two zeros on [0, L), 
then it follows that eigenvalue zero of L\ is either Ai or A2. Let ip — f(6x), where 
2 = I?. From equality k 2 sn 2 (x) + dn 2 (x) — 1 and (|5.64|) . we obtain that -0 satisfies 
the equation 

(5.65) tjj" +(p- &n 2 sn 2 (x))%l) = 0, 
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where 

(5.66) p = 6- 4(>- A )- 

m 

From Floquet theory, it follows that (— oo,po) and {pi,p2) are instability intervals 
associated to the Lame's equation. Therefore the eigenvalues po, p\ and p2 of (|5.66|) 
are simple and the rest of eigenvalues pz < p^, ... satisfies 03 — pn, 05 = p§, ... The 
eigenvalues po, pi, P2 and its corresponding eigenfunctions ipo,"^!, ip2 are 



po = 2(1 + k 2 - Vl - k 2 + k 4 , Vo = 1 - (1 + - Vl - k 2 + K 4 )sn 2 (x) 
pi = 4 + k 2 , -02 = sn(x)cn(x) 



p 2 = 2(1 + K 2 + Vl - K 2 + K 4 , i>2 = 1 - (1 + K 2 + Vl - K 2 + K 4 )sn 2 {x) 

Since po < p\ for every k 2 £ (0, 1), then from (|5.66|) we have 



3A = y (k 2 - 2 - 2 v / 1-k 2 + k 4 ) < 

Therefore Ao is negative eigenvalue of Li with eigenfunction Xo( x ) — V'oCf )■ Simi- 
larly 



3A 2 = y (k 2 - 2 + 2 Vl - k 2 + k 4 ) > 
and A2 is the positive eigenvalue of L\ with eigenfunction x%( x ) = "02(f)- Thus 

A 1 ^ ^^" 6) + 2 ^ ^(4 + . 2 -6 + 2-. 2 ) = 
6 6 

is the second eigenvalue of L\. This complete the proof of the theorem. □ 

Remark 5.3. The main properties of the spectrum of L\, namely, there is exactly a 
negative eigenvalue and zero is simple, it can also be obtained via positive properties 
of the Fourier transform of the solution (p u c (see Angulo&Natali [3] and Angulo 

W> 

So, from Theorem 15.21 we obtain immediately the following two results. 

Lemma 5.4. For any real function y\ £ H 1 satisfying (yi,Xo) — (yij9 x ip UtC ) = 
there exists a positive constant 5± > such that (Liyi,y±) > 8t\\yi\\jjt. 

Lemma 5.5. For any real function y^ £ H 1 satisfying (y2, <Pu,c) — there exists a 
positive constant 82 such that (£22/21 2/2) > ^2 1 12/2 1 1 - 

Proof. [Theorem [T75] Choose y~ = xo,V2 = °>^2 = -f^WXo and *~ = 

(yr>% > z 2~) thcn 

= A (xo,Xo) < 0. 
So H UiC has a negative eigenvalue. Note that the following vectors 

2 

*0,1 = {d x lpu,,c, 0, (Pu^dxVu.c), *0.2 = (0, (ficj.c, 0) 

c 

are in the kernel of operator H^.c- Define the following subspaces associated to 



Z = {fci*o,i + fci^o : 2 : h, k 2 £ M} 
N = {k^/- : k £ R} 
P = {p£ X :p = (p 1 ,p 2 ,p 3 ), (pi,Xi) = (Pi,^Vw,c) = (P2,¥W) = 0}. 
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For any «£ X, u = (2/1,2/2,2/2) choose 



(yi,xo) , (d x 2/l) , (^.c,2/2) 
a = ri 01 = 77^ n d °2 ~ 



(xo,Xo)' (d x <Pui, cd^u^)' (ip 

then u uniquely can be represented by u = + 61^0.1 + ^2^0.2 +P, where p G P. 
For any p G P, by Lemmas 15.41 and 15.51 we have 

(H u ,cP,P) > ^iIIpxIIhi +<^i||P2|Ihi + |y fp3+^Px^ <£e 

Next we consider the following two cases: 
(1) If \\psWv > ^^ ibxiU^then 



P3 + -</WPi ) dx > - 



c 

8||^,c|h = 



Ibsllls - ~||¥wlU°°lbilU 2 lb3|| 



L 2 



= |lb 3 |li 2 



(2) If IbalU. < ""^" IbilUthm 



^xibiii^ > libxii^ + C M llPslli. 

Thus, for any p G P, it follows that 

<^,cif,p) > S 3 \\ P3 \\l 2 + ||bx||^ +&|b 2 ||| 1 , 
where = min{ i^n^~rr^ ; f }■ Finally, we have 
(H u<c p,p) > S\\p\\ 2 x , 

where S > is independent of p. This proved that Assumption above is 
holds, and n(H U:C ) = 1. 

Now we shall verify that p(d") = 1. We have 

1 c 2 /■£ 

c) = -Qi($u,, c ) = -7- / vi.cdx - — — - / <p u<c dx 

4(1 - 13c) 1 J 4(1 - /3c) J 

c [ L 

d u (u,c) = -Q 2 (^u,,c) = ~ 2 (l-/3c) 7 ^W^- 

From equalities 

f L 2 , ^KE f L 4 , 64 , , 
J <P u , c dx = —j—, V U}C dx = J3 V W 

where E = E{n) = J* "J ^'fjt dt is the complete elliptic integral of the second 

ir^ 4 + !< 



kind and V{k) = ^-K 4 + 1(2 - k 2 )K 2 E, we obtain 



(5.67) 

gU = ^_(if>)£(/c) + K(K)E'( K )) K (a), 

4= - L{ i-p c yt K ( K ) E ( K ) + f rf ^, 4u> = - L 3 (1 1 _!ff e )^ '(K)^'(c r ) + §4^ 

dec = TJ§^V{n) - 1j ^ w v'{k)k{o) - ^^K{n)E{n) + 
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Thus 



rl rl — rl rl — - 64 



(k)k (v)K(k)E(k)+ 



We have, 



2K 2 E 



V 



a(K 2 - 1) 



t(l - K 2 ) 

Using the above estimates, we obtain 

rl rl — rl rl — 4k' J 



K 



77 



+ 



12(2 -K 2 )' 

[(2- k 2 )E -2(1- k 2 )K]} 
K 2 + (160a - 6c(l - (3c) 2 )KE 
4 t4f {"2^ [(2 ~ - 2 )^ 3 - 2(1 - n 2 )KE 2 ] } 



-32^ KE 2 



2-k ; 



g 2 — — 

K(l — K 2 ) K 



,uc(K -1) _|_ 

3(2- K 2 ) A + 



c(16/3cr-6c(l-ffc) 2 ) 



E 2 



A 



} 



From Theorem !4.1l -(4). we have that k > 0. Therefore the sign of det(d") 
dccduu — d CUJ d uc depends on the sign of 



B 



(c, u,k,0)= { - ^ [(2 - k 2 )E 3 - 2(1 - k 2 )KE 2 



8^ctc(k 2 -1) ts , c(16;3g-6c(l-/3c) 2 ) p 
3(2-k 2 ) A + 3 ^ 



k(1-/i 2 ) 



(1 - h\ 2 ^\K 1 
< ^ ^ < - 



From the relation 

we get that the first term of B(c,w, k, (3) is negative. Now we consider three cases 
for (3. 

(1) Obviously if (3 = 0, then det(d" ) < 0. 

(2) For j3 < 0, using ([51)5]) . we get 



8/3ct(k 2 -1)A ^_ c(16ffo--6c(l-,3c) 2 ) 



3(2-k 2 )B 



8c/3o-E 



E 



(1-k 2 )A 
(2-k 2 )E 



6c(l-/3c) 2 
8c/3 



< 



and det(d") < 0. 

(3) If /3 > and 8(3a— 3c(l — /3c) 2 < 0, then all terms of £?(c, w, re, 0) are negatives 
and dei(d") < 0. 

Thus under above three conditions, d"(uj,c) has exactly one positive and one 
negative eigenvalues and p(d") = 1. This finishes the proof of the Theorem. □ 
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